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SUMMARY 
Methods a r e  presented  f o r  c a l c u l a t i o n  of both t h e  shock i n c l i n a t i o n  mgle 
and t h e  s u r f a c e  p re s su re  c o e f f i c i e n t  i n  t h e  v e r t i c a l  p lane  of s y m e t e y  o f  
bodies  a t  angle  of a t t ack .  The methods a r e  app l i cab le  over an angle of 
a t t a c k  range from o0 t o  a  maximum angle t h a t  depends on t h e  body s lenderness  
0 
r a t i o ;  f o r  very  s l e n d e r  bodies ,  t h i s  maximum angle  of a t t a c k  approaches 90 . 
.The methods apply t o  conf igura t ions  of e l l i p t i c a l  c ross  s e c t i o n  and of 
r ec t angu la r  c ros s  s e c t i o n  w i t h  rounded comers .  
INTRODUCTION 
There i s  much i n t e r e s t  c u r r e n t l y  i n  pressures  and shock l a y e r  thick.- 
nesses  generated on bodies  a t  l a r g e  angles  of a t t a c k  during atmosphere 
en t ry .  Theore t i ca l  s o l u t i o n s ,  r e f s .  1 and 2 ,  have been developed f o r  
p re s su re  d i s t r i b u t i o n s  and shock l a y e r  th icknesses  f o r  symmetrical p r o f i l e s  
a t  z e r o  angle  of a t t ack .  More r ecen t  works, t y p i c a l l y  r e f s .  3 and 4 ,  have 
considered t h e  nonsymmetric flow cases  of bodies  a t  angle  of a t t ack .  TE:~ese 
a r e  a l l  numerical  s o l u t i o n s  of exac t  equat ions and, except  i n  r e f ,  3 ,  
r e q u i r e  t h a t  t h e  body be a  s imple a n a l y t i c  shape. Approximate p re s su re  
d i s t r i b u t i o n s  have been computed f o r  more genera l  (nonanalyt ic)  shapes such 
a s  wing-body combinations by tangent  wedge and tangent  c i r c u l a r  cone methods 
and by Newtonian theory. 
The p re sen t  method f o r  e s t ima t ing  t h e  shock l o c a t i o n s  and su r f ace  
p re s su re  c o e f f i c i e n t s  i n  t h e  v e r t i c a l  p lane  of symmetry i s  developed by 
a n a l y s i s  of a  s imple cone a t  angle  of a t t ack .  The method may be  extended, 
however, t o  t h e  p r e d i c t i o n  of symmetry plane p re s su res  and shock l a y e r  th ick-  
nes ses  of con f igu ra t ions  wi th  a r b i t r a r i l y  vary ing  (and expanding) c ross  
s ec t ions .  This ex tens ion  t o  t h e  method i s  accomplished by appro xi ma ti or^ of 
t h e  body wi th  a  tandem s e r i e s  of  cone frustums of appropr ia te  c ross  s e c t i o n ,  
In  e f f e c t ,  t h i s  then i s  a tangent  cone method b u t  d i f f e r s  from the  s t m d a r d  
technique i n  t h a t  t h e  tangent  cone can be  made t o  c lo se ly  co inc ide  w i t h  the  
e n t i r e  windward l o c a l  body per iphery  i n  t h e  spanwise d i r e c t i o n .  Tkis require-  
ment i s  n o t  p o s s i b l e  w i th  a  c i r c u l a r  cone which can be  tangent  only t o  a 
p o i n t  on t h e  body and thus  cannot g ive  a  r e a l i s t i c  shock l a y e r  th ickness ,  
The p re sen t  method, moreover, i s  app l i cab le  t o  a  l a r g e r  angle-of-attack rmge 
than i s  t h e  method of t he  tangent  c i r c u l a r  cone. 
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The a n a l y s i s  w i l l  b e  developed i n  two p a r t s .  The f i r s t  p a r t w i l l  
d i s cuss  a  semi-empirical equat ion used t o  c a l c u l a t e  t h e  p re s su re  coef- 
f i c i e n t  i n  t h e  v e r t i c a l  p lane  of symmetry on a  con ica l  body of arbituas.7 
c ros s  s e c t i o n  a t  angle  of a t t ack .  The equat ion i s  a  func t ion  of t h e  
free-stream flow p r o p e r t i e s ,  t h e  shock i n c l i n a t i o n  angle ,  0 ,  and t h e  
d i f f e r e n t i a l  angle ,  B ,  between t h e  shock t r a c e  and t h e  body su r f ace  i n  
t h e  v e r t i c a l  p lane  of symmetry. The second p a r t  p re sen t s  a  means of 
c a l c u l a t i n g  t h e  angle ,  B ,  a s  a func t ion  of angle  of a t t a c k ,  a ,  f o r  conica l  
bodies  having two type.s of body cross-sect ion.  
Pressure  Coeff ic ien t  
The p re s su re  c o e f f i c i e n t  f o r  a  p e r f e c t  gas behind an obl ique shock 
a t  angle  0  i s  
When t h e  obl ique shock is  a s soc i a t ed  wi th  a wedge (two-dimensional f low) ,  the 
P 
-1 0 ' 0  
angle between t h e  wedge and shock i s  B = t a n  (-tane), where - i s  
0 '6 
t h e  r e c i p r o c a l  shock dens i ty  r a t i o  across  t h e  obl ique  shock. The pressure  
c o e f f i c i e n t  on t h e  wedge is  i d e n t i c a l  t o  C (equat ion (1 ) ) .  
0 
I f  t he  shock i s  a s soc i a t ed  wi th  an i n f i n i t e l y  long ( c  = 0)  yawed cylinder, 
the  shock t r a c e  i s  p a r a l l e l  t o  t h e  cy l inde r  and f3 = o . ~  The p re s su re  
c o e f f i c i e n t  on t h e  cy l inde r  i s  then due t o  t he  s t agna t ion  p re s su re  cor- 
responding t o  t h e  normal Mach number, M s i n 0  . The i n c r e a s e  i n  pressu.re 
0 
c o e f f i c i e n t  from t h e  shock t o  t h e  cy l inde r  s u r f a c e  may be determined w i t h  
t h e  a i d  of shock f ab le s .  For noknal Mach numbers, g r e a t e r  than 2,5, this 
pres su re  c o e f f i c i e n t  i n c r e a s e  i s  given t o  a good approximation (within 6%) 
by- 
It is assumed t h a t  t h e  v a r i a t i o n  i n  t h e  s u r f a c e  p re s su re  c o e f f i c i e n t  
between t h e  l i m i t i n g  cases  of a wedge and a  yawed cy l inde r  is  a  linear 
func t ion  of t h e  parameter ,  k ,  def ined  below 
The "genera l ized"pressure  c o e f f i c i e n t  i s  then  
Equations (13, (2), and (3) when combined wi th  equat ion (4) r e s u l t s  in-. 
Shock and Body Angle Rela t ionships  
Equation (5) developed i n  t h e  preceding s e c t i o n  presumes a  known 
r e l a t i o n s h i p  between t h e  angles ,  8 and B. This  r e l a t i o n s h i p  i s  n o t  
gene ra l ly  a v a i l a b l e  from e x i s t i n g  t h e o r i e s  f o r  con ica l  bodies  of 
a r b i t r a r y  c ross  s e c t i o n  a t  angle  of a t t ack .  This s e c t i o n ,  t h e r e f o r e ,  
desc r ibes  a  method by which t h e  shock and body angle r e l a t i o n s h i p s  may 
be determined by s imple c a l c u l a t i o n s  involv ing  two-dimensional shock 
theory. 
Sketch (.a) 
Sketch (a )  dep ic t s  a con ica l  body wi th  i t s  upper s u r f a c e  element i n  
t h e  v e r t i c a l  p lane  of symmetry de f in ing  an a n g l e ,  f3 , with  r e spec t  t o  the 
shock t r a c e ,  OX, which is  i n c l i n e d  a t  t h e  angle ,  8 , with  r e spec t  t o  t h e  
f r e e  s t ream-direct ion.  I f  t h e  h o r i z o n t a l  component of v e l o c i t y ,  V cos 0, 
0 
were neg lec t ed ,  t he  shock stand-off d i s t ance ,  A. , from t h e  base of t he  
body a t  l o c a t i o n  x t o  a "v i r tua l "  shock l o c a t i o n ,  element m, is 
0 
e s t a b l i s h e d  by two-dimensional shock appl ied  t o  t h e  l o c a l  body cross-  
s e c t i o n  i n  t h e  normal flow f i e l d .  When t h e  h o r i z o n t a l  component o f  
v e l o c i t y  is  considered,  t h e  stand-off d i s t a n c e ,  A. is maintained with 
r e spec t  t o  an ex tens ion  of t he  body s u r f a c e  element b u t  is  t r a n s l a t e d  a 
d i s t a n c e ,  Ax, s o  t h a t  t h e  v i r t u a l  shock element,  m, appears a t  t h e  real. 
l o c a t i o n ,  n ,  on the  shock t r a c e ,  OX, t h i s  p o s i t i o n  being occupied w i t h  
' respec t  t o  a transformed (elongated)  body. Since the  va lue ,  A o ,  i s  
e s t a b l i s h e d ,  t h e  angle ,  6 , may be determined us ing  t h e  length  of t h e  
transformed body, x + Ax, as fol lows:  
0 
The Y-components of t h e  s t ream v e l o c i t y  i n  t h e  shock l a y e r  v a r i e s  
IJ 0 from t h e  va lue  immediately behind t h e  shock, - V s i n e ,  t o  t h e  va lue  
P e  O 
approaching t h e  body s u r f a c e ,  Vocos8tanf3. The average v e l o c i t y  
- 1 V = -V ( - -s in8 + cos8tanf3). The X-component of v e l o c i t y  i s  V ccasB. 
Y 2 0 P e  o 
Therefore ,  a s t ream p a r t i c l e  commencing from t h e  shock a t  l o c a t i o n  
xo 
is  c a r r i e d  t h e  h o r i z o n t a l  d i s t a n c e ,  Ax, wi th  v e l o c i t y ,  V cos8, i n  t h e  
0 
t ime i n t e r v a l  requi red  f o r  i t  t o  approach the  transformed body a t  
- 
Y-distance, A o ,  w i th  t h e  average v e l o c i t y ,  V Thus- 
Y' 
- 
A v 1 
-2 = 2 = -(- t an8  + tang) . . . . , . . . . . . . . . . . (61 
Ax Vocose 2 p 8  
By in spec t ion  of  ske t ch  (a) 
A - x tan$  = Ax tan$  
0 0 . . . . . . . . . . .  0 . . . . . e 1 1 ( 7 )  
Subs t i tu tuon  of equat ion (7) i n t o  equat ion (6) g ive  - 
x i s  r e l a t e d  t o  t h e  cone geometry a s  fol lows:  
0 
1 t a n ~ ~ c o s ~  secB 
- = 
. . . . . . . . . . . .  x b .(9) 
0 
S u b s t i t u t i o n  of t h e  above va lue  f o r  X i n t o  equat ion (8) gives t h e  f i n a l  
r e s u l t  - 0 
Po  A t a n s  c o s ~  secB 0 z tanB(tanB + -tan0) + (tan6 - - P o t a n @ )  = 0 b 0 (lo> 
. . . .  
Equation (10) g ive  B a s  a func t ion  of 0 , however, t h e  angle ,  B , as a 
func t ion  of angle  of a t t a c k ,  a ,  i s  r e a d i l y  found through t h e  r e l a t i o n s h i p  - 
a = 0 - B - E ( ske tch  ( a ) ) .  
Y 
For s m a l l  va lues  of 6 (secB = I ) ,  equat ion (10) can be formed as a 
quadra t i c  equat ion and an approximate s o l u t i o n  r e a d i l y  obtained.  The 
exac t  s o l u t i o n  i n  c h a r t  form is  presented  i n  f i g u r e  1, wherein B 
i s  p l o t t e d  a s  a func t ion  of (A /b) tanEZcosE f o r  var ious  parameter values 
0 Y 
P o  
- t an@.  The requi red  va lue ,  A / b ,  is  t h e .  shock s o l u t i o n  f o r  two- 
0 0 
dimensional cy l inde r s  and i s  a func t ion  of t he  shock dens i ty  r a t i o  
and t h e  body cross-sect ion.  So lu t ions  f o r  var ious  e l l i p t i c  c ros s  s e c t i o n s  
and s l a b  s e c t i o n s  wi th  round c o m e r s  a r e  given i n  f i g u r e  2. These s o l u t i o n s  
a r e  from an unpublished method which i s  a two-dimensional extension t o  the  
axisymmetric s o l u t i o n s  of r e f e rence  7. The d i s c o n t i n u i t i e s  i n  t h e  s o l u t i o n s  
a r e  due t o  a r b i t r a r y  s t e p  changes i n  t h e  va lue  of t h e  gas spec i f i c -hea t  r a t i o ,  y, 
a t  p O / p o  = 6 and 11. The e f f e c t  of y  may be est imated by i n t e r p o l a t i o n  
i f  some " r e a l  gas" y can be. spec i f i ed .  
EXAMPLE APPLICATION 
The fol lowing numerical  example i l l u s t r a t e s  t h e  c a l c u l a t i v e  procedure 
and use  of t h e  c h a r t s  he re in  included t o  determine t h e  shock angle and 
p re s su re  c o e f f i c i e n t  s o l u t i o n s  f o r  a  t y p i c a l  con ica l  body a t  an angle 
of a t t a c k  i n  a i r  (y = 1.4) a t  Mach number 5. 
Given a/b = 113, E~ = 15O, ( E  = 5.10°), a&d Mo = 5; determine the  
Y 
0 
, angle  of a t t a c k  and p re s su re  c o e f f i c i e n t  when t h e  shock is  i n c l i n e d  (8 = 60 ) 
0 t o  t h e  f r e e  stream. The shock dens i ty  r a t i o ,  - , across  t h e  obl ique  
shock w i t h  y = 1.4 i s  f i r s t  determined - 
The r e c i p r o c a l  va lue ,  = 4.74. Figure 2 ( a )  gives t h e  va lue  Ao/b = -692  
0 
a t  - = 4.74 f o r  an e l l i p t i c  s e c t i o n  w i t h  a/b = 113. 
0 
Q u a n t i t i e s  r equ i r ed  i n  f i g u r e  1 a r e  now evaluated.  The a b s c i s s a  
va lue  (Ao/b) t a n ~ ~ c o s ~  = .692x.268x.996 = .185. The parameter,  
Y 
0 
- tan0 = .211x1.732 = .366. The above va lues  i n t e r s e c t  on t h e  curves of 
0  
f i g u r e  2 (a )  a t  t h e  o r d i n a t e  va lue ,  = 5.85'; The angle  of a t t a c k ,  
a = 0 - B - E = 60' - 5.85' - 5.10' = 49.05' 
Y 
The p re s su re  c o e f f i c i e n t ,  equat ion (5) is evaluated - 
Note t h a t  a s p e c i f i c  angle-of-attack va lue  cannot be  s e l e c t e d  
a p r i o r i .  Calcu la t ions  wi th  s e v e r a l  va lues  of 0 can be made quick ly ,  
however, and curves of C and f3 cons t ruc ted  a s  func t ions  of angle  of  
P 
a t t ack .  The above procedure a l s o  a p p l i e s  t o  round c o m e r  s l a b  s e c t i o n s  
where r takes  t h e  r o l e  of "a1' ( f i g u r e  2 (b ) ) .  
C 
EXTENSION OF THE METHOD 
A d e l t a  wing-body conf igura t ion  is  depic ted  by s o l i d  o u t l i n e  i n  
f i g u r e  3. The dashed l i n e s  r ep re sen t  o u t l i n e s  of a s e r i e s  of tandem cone 
frustums wi th  which t h e  conf igura t ion  shape is  approximated. The cone 
elements a r e  cons t ruc ted  tangent  t o  t h e  bottom s u r f a c e  a t  t h e  v e r t i c a l  
p lane  of symmetry and a r e  a l s o  made tangent  t o  t h e  p lanf  o m  o u t l i n e  of 
t he  conf igura t ion  a s  i nd ica t ed .  A t y p i c a l  c ros s  s e c t i o n  meeting t h e s e  
requirements i s  shown. Cross s e c t i o n s  vary ing  from a c i r c l e  t o  e l l i p s e s  
of i nc reas ing  e l l i p t i c i t y  and s e v e r a l  round-corner s l a b  s e c t i o n s  were 
u t i l i z e d  i n  t h e  cons t ruc t ion  of f i g u r e  3. Thus, t h e  a c t u a l  conf igura t ion  
i s  approximated by a s e r i e s  of cone frustums of step-wise varying c ros s  
s e c t i o n ,  apex angle ,  and angle of a t t ack .  The accuracy of t h e  approximation. 
i nc reases  w i th  t h e  number of frustums used. 
Calcu la t ions  of p re s su re s  and shock angles  a r e  then made f o r  t h e  
i n d i v i d u a l  cones i n  t h e  manner of t h e  above example ca l cu la t ion .  The shock 
l a y e r  th ickness  i s  then  determined by i n t e g r a t i o n  of t h e  l o c a l  shock m g l e s  
( app ropr i a t e  t o  each cone) p l o t t e d  a s  a func t ion  of  body su r f ace  length ,  
Equation (11) may b e  i n t e g r a t e d  e i t h e r  by graphica l  or  t a b u l a r  methods, 
COMPARISON BETWEEN EXPERIMENTAL 
AND THEORETICAL RESULTS 
A comparison between experimental  and predic ted  c e n t e r l i n e  shock 
l a y e r  th ickness  f o r  a d e l t a  wing-body conf igura t ion  a t  M = 7.4 i s  in- 
0 
cluded i n  f i g u r e  3. Experimental and p red ic t ed  va lues  a r e  i n  good agree- 
ment. 
Note t h a t  t he  shock l a y e r  th ickness  has  t h e  same va lue  a t  t h e  angles  
of a t t a c k  15' and 30'. Comparisons of experimental  and p red ic t ed  ' r e s u l t s  
f o r  e l l i p t i c  cones a r e  presented  i n  f i g u r e  4. A.wide range i n  cone 
geometry and Mach number ( 3  < Mo < 10) i s  represented.  The u s e f u l  angle  
, of a t t a c k  range of t h e  method is  r e s t r i c t e d  i n  t h a t  when t h e  c e n t e r l i n e  
shock t r a c e  i n c l i n e  approaches 0 = 90' t h e  angle B approaches t h e  
A 
0 
approximate va lue  ---E The l i m i t i n g  angle  of a t t a c k  i s  then b z' 
A 
0 
a % 90' - ----E -E Thus, a reaches t h e  h ighes t  va lue  f o r  s l ende r  b z y*  
cones (small  E and E ) and, f o r  cones of a given s lenderness ,  has  higher 
z Y 
values  w i th  inc reas ing  Mach number (decreasing Ao/b) . Agreement between 
experimental and p red ic t ed  va lues  is  genera l ly  w i th in  10% and i s  p a r t i c u l a r l y  
s a t i s f a c t o r y  a t  t h e  h ighe r  Mach numbers. The d a t a  a t  Mach numbers, 2,94, 
3.87, and 4.78 a r e  prev ious ly  unpublished r e s u l t s  of t e s t s  i n  t h e  Ames 
1- by 3-foot wind tunnel.  
Figure 5 p re sen t s  a comparison between experimental and predic ted  
c e n t e r l i n e  p re s su re  d i s t r i b u t i o n s  f o r  t h e  d e l t a  wing-body conf igura t ion  shown? 
o i n  f i g u r e  3. Agreement is  s a t i s f a c t o r y  a t  angles  of a t t a c k  up t o  30 . At 
t h e  angle  of a t t a c k  of 40' a discrepancy between experimental and predic ted  
p re s su res  occurs  over  a po r t ion  of t h e  body l eng th ,  however, t h e  p red ic t ed  
va lues  given by t h e  present  method a r e  i n  b e t t e r  accord wi th  experiment 
than a r e  t h e  ind ica t ed  r e s u l t s  of modified Newtonian theory. 
A comparison between experimental  and p red ic t ed  c e n t e r l i n e  pressures  
f o r  cones i s  presented  i n  f i g u r e  6 i n  t h e  fo~rm of a c o r r e l a t i o n  curve, The 
range of angle  of a t t a c k ,  Mach number, and conf igura t ion  c ros s  s ec t ions  a r e  
noted  on t h e  f igure .  Experimental and p red ic t ed  va lues  c o r r e l a t e  w i th in  
t h e  l i m i t s  of about - +2 percent .  
CONCLUDING REMARKS 
Simple methods were developed f o r  p red ic t ion  of i n c l i n a t i o n  o f  a 
shock wi th  r e spec t  t o  t h e  windward t r a c e  on a con ica l  su r f ace  i n  t h e  
v e r t i c a l  p lane  of symmetry and f o r  es t imat ion  of p re s su re  c o e f f i c i e n t  
on t h i s  body t r ace .  
P red ic t ed  va lues  were compared wi th  experiment f o r  a i r  flows in. the 
Mach number range 3 t o  10 and t h e  angle of a t t a c k  range of 0' t o  about 
0 7 0  f o r  cones of a wide range i n  geometry. The methods were extended t o  
t h e  p red ic t ion  of v e r t i c a l  symmetry p lane  shock l a y e r  th icknesses  and 
body s u r f a c e  p re s su res  of conf igura t ions  wi th  a r b i t r a r i l y  changing c r o s s -  
s e c t i o n s  wi th  body l eng th  by t h e  use  of a tandem s e r i e s  of l o c a l l y  con ica l  
' elements t o  approximate t h e  body shape. This ,  i n  e f f e c t ,  is  a r e f ined  
tangent cone procedure. 
The a p p l i c a b i l i t y  of t he  methods have been demonstrated by comparison 
wi th  t e s t  r e s u l t s  from low enthalpy a i r  flows. The s u i t a b i l i t y  of the 
method f o r  r e a l  gas flows i s  be l i eved  v a l i d  a l s o  s i n c e  t h e  r e a l  gas  
e f f e c t  e n t e r s  p r imar i ly  through t h e  dens i ty  r a t i o  across  t h e  shock, 
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(a) (~,/b)tan~ cos E = 0 to 0.20 
Y 
Figure 2. - Solutions of equation (10) for the angle f i  . 
(b) (~~/b)tant;cos~~ = .2 to 1.0 
Figure 1. - Concluded 
(a) . E l l i p t i c  cylinder sect ions  
Figure 2.- Centerl ine shock standoff 
(b ) . Round- corner slab sections 
Figure 2. - Concluded. 

&periment 
M~ symbol Conf i g  , i 
3 2.94 0 
3-87 0 
4.78 0 I 
Figure ."p.- bperimental.  and predicted values of 6 ELS a fmct.i.on of ang-ie 
of" rzt~ck, .* 
Figure 4. - Concluded. 
Figure 5. - -1 and predicted pressure distributions on 
delta wing-body configuration, Mo - 7.4. 
Figure 6 .- Correlation of exgeriBnenLal and predicted cenate~ 
line pressure coefficients on cones. 
